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A Finite-Element Method for the Plastic Buckling
Analysis of Plates

ALLAN PIFKO* AND GABRIEL ISAKSON!
Grumman Aerospace Corporation, Bethpage, N. Y.

An existing finite-element technique for elastic buckling of plates is extended to include
the case of plastic buckling. The Stowell theory for the plastic buckling of flat plates is used
in conjunction with the finite-element technique. Application is made to rectangular plates
and results are presented for a variety of boundary support conditions and several different
edge loading conditions.

Introduction

IN the present paper, a finite-element technique previously
presented in Refs. 1-3 for elastic buckling of plates is ex-

tended to include the case of plastic buckling. In order to
predict buckling, the decrease in stiffness which results from
the action of compressive membrane stress must be taken
into account. The finite-element buckling analysis ac-
complishes this by introducing an additional component part
to the usual elastic bending stiffness matrix. This additional
component part is derived from energy considerations when
terms representing the work done by in-plane deformations
are included in the expression for the strain energy functional.
When this state of stress is compressive, the inclusion of this
matrix has the effect of reducing the stiffness of the structure,
as characterized by the stiffness matrix. A discussion of the
significance and consistent development of this matrix can
be found in Ref. 4. In accordance with the terminology of
that work, we refer to the additional matrix as the initial
stress stiffness matrix.

In the present paper, the approach taken for the plastic
buckling analysis of plates conceptually follows the aforemen-
tioned approach. That is, the stiffness matrix is further
modified to include the effect of the altered stiffness proper-
ties of the material associated with plastic deformation prior
to buckling. This modification is effected by altering the
usual elastic bending stiffness matrix so that it contains
coefficients which depend on the state of plasticity in the
structure and, therefore, the state of stress.

The extent to which the elastic bending stiffness matrix is
modified depends on the plastic buckling theory used. At
present, the status of the plastic buckling problem is some-
what confused. Although the plastic buckling phenomenon
is well understood in the case of columns, the same cannot
be said of plates and shells. The essential difference is that
in the former the stresses are uniaxial, whereas in the latter
they are biaxial and may assume a substantially different
distribution among components during buckling than exists
prior to buckling. This makes an analytical solution quite
sensitive to the type of plasticity theory that is used.

Plastic buckling analyses based both on flow theory and
on deformation theory have been used, the former, for in-
stance, in Refs. 5 and 6 and the latter in Refs. 7-9. A com-
parison of results from some of these references with experi-
mental data10 shows the deformation theory results to be in
better agreement with experiment than those of the flow
theory. This is paradoxical since, in the case of some simple
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stable structures, flow theory provides results that are in
better agreement with experiment than corresponding results
using deformation theory. Furthermore, deformation theory
contains fundamental inconsistencies not present in flow
theory.

Two different explanations have been offered for the in-
accuracy of flow theory in this problem. One of these is that
the Levy-Mises flow theory, based on the second invariant of
stress, fails to provide a proper description of material be-
havior in this situation, so that more sophisticated flow
theories are required. This point is made strongly by
Sewell,11 who shows that bifurcation buckling is quite sensitive
to the direction of the normal to the loading surface and
that, consequently, the shape of this surface in a local region
near the stress point is very important.

Batdorf12 discusses this point and shows, on a qualitative
basis, that the slip theory of Batdorf and Budiansky can
provide an explanation of plastic buckling behavior. He
also states that the qualitative argument presented "justifies
the use of deformation theory in the analysis of the plastic
buckling of plates."

The other explanation is that the plastic buckling of plates
and shells is sensitive to small imperfections, so that the
treatment of the problem as a bifurcation phenomenon may
lead to errors. This has been shown by Onat and Drucker13

in an analysis of the torsional buckling of a compressively
loaded member of hollow cruciform cross section. Besseling14

extended this work to the case of a member of solid cruciform
cross section and reached similar conclusions.

Although these theoretical objections to bifurcation buck-
ling analysis based on deformation theory do exist, agree-
ment with experiment suggests the use of such analysis in
engineering computations (Ref. 15). Consequently, a
plastic buckling theory based on a deformation theory of
plasticity was used in the present analysis. The manner of
introducing deformation theory is based on the work of
Stowell.8

Although the Stowell theory is used, it should be noted
that the basic procedure developed in the present work can
readily accommodate other plasticity theories. All that is
necessary to incorporate another theory is to redefine certain
coefficients that enter into the modified bending stiffness
matrix.

Development of the Basic Procedure

The technique presented here is based on the displacement
method of finite-element analysis. In this method, the
matrix equation relating generalized nodal forces to general-
ized nodal displacements is

!/} = [K}{8} (1)

where {/} is the vector of generalized nodal forces in the
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transverse direction, [K] is the total stiffness matrix of the
structure, and {5} is the vector of generalized nodal dis-
placements in the transverse direction.

As discussed previously, the stiffness matrix can be separated
into two parts: [K] = [KB] + [KM]- The bending stiffness
matrix [KB] is a function of the plate material properties.
When modified to include the effect of plasticity, it is a func-
tion of the current state of plastic deformation, and is, there-
fore, a nonlinear function of stress. The initial stress stiffness
matrix [KM] is based on geometric considerations, as well as
being a linear function of the stress state immediately prior
to buckling.

The buckling problem is formulated on the basis of the
homogeneous problem associated with Eq. (1),

= ([KB] = 0 (2)
Equation (2) is satisfied for a nonzero displacement vector
only if the stiffness matrix is singular. Therefore, the critical
stress is reached when the stiffness matrix becomes singular,
and the buckling criterion can be represented by the vanish-
ing of the determinant of the stiffness matrix, det([KBJ +
[KM]) = 0. This criterion is equivalent to the statement
(Jiat the critical stress state causes the second variation of
potential energy to be positive semidefinite (Ref. 16).

Computation of critical stresses can be most efficiently
accomplished by recasting Eq. (2) into the form of an eigen-
value problem. To this end, a parameter X is introduced
into Eq. (2),

([KB] + \[KM]){d} = 0 (3)

This parameter assumes values such that det([KB] +
\[KM]) is equal to zero for the stress state used in the compu-
tation of the matrices [KB] and [KM]. If this stress state is
the critical one, X will be equal to one. Therefore, we have
converted the buckling criterion to the requirement that
X = 1. Equation (3) then assumes the form of an eigen-
value equation,

or

-[KM]{d] = (l/X) [£,]{*}

[KB]{B\ = - \ [ K M ] { 8 ]

(4a)

(4b)

The procedure for determining the buckling load is as
follows. At some trial loading level, the stress state is calcu-
lated, and the matrices [KM] and [KB] are computed based
on these stresses. The eigenvalue equation [Eq. (4) ] is then
solved and the lowest value of X examined. If this value is
equal to one, the stated buckling criterion is satisfied and the
trial loading is the critical one, i.e., det([KB] + [KM]) = 0.
If X is greater (less) than one, the trial loading level is less
(greater) than the desired critical state. In this case the
load is incremented (decremented) and the procedure is re-
peated. Thus, a succession of eigenvalue problems must be
solved for various stress levels in order to establish the
critical buckling load.

The formulation of the buckling problem in terms of the
eigenvalue equation [Eq. (4) ] has some basic advantages. It
eliminates the possibility of missing the fundamental buck-
ling mode, a possibility which exists when the determinant
criterion is used. Furthermore, buckling mode shapes can
be readily obtained. A discussion of the algorithms used in
the present work for the solution of the eigenvalue problem
can be found in Refs. 17 and 18.

Application of the Stowell-Ilyushin Theory of
Plastic Buckling

Ilyushin7 presents a plastic buckling theory based on a
deformation theory of plasticity. His formulation includes
the possibility of elastic unloading, during buckling, in a

_ d^i
t " de;

Fig. 1 Typical effective stress-strain curve.

portion of a cross section that is completely plastic in the
prebuckling state.

Stowell8 simplifies the analysis of Ref. 7 on the basis of re-
sults for the plastic buckling of columns. He assumes that,
during buckling, there is no further change in the membrane
stresses, and that a completely plastic cross section remains
completely plastic; that is, there is no elastic unloading.
These assumptions, along with the further restriction to a
constant stress field in the prebuckling configuration, signifi-
cantly reduce the complexity of the analysis, since the
possibility of an elastic-plastic boundary in the cross section
of the buckled configuration is excluded.

StowelPs analysis makes use of the concept of effective
stress and effective strain, defined respectively for plane
stress, as

<rt- = (o-,2 + a,2 - <rxffy + Sr*,2)1'2 (5)

e> = 2/(3)1/2(e*2 + e,2 + exey + 7^2/4)1/2 (6)

where ex, ev, and yxv are total strains. These quantities are
assumed to be uniquely related as follows:

= <p((Ti) = (Ti/Es (7)
where Es is a secant modulus defined by this relation.

The stress-strain relations which are consistent with Eq.(7)
are

1 . ±C* = ft (** - i /
—— (CTy

Figure 1 shows a typical curve of effective stress vs effective
strain. Such curves are based on uniaxial stress-strain char-
acteristics determined experimentally. Also shown are the
secant modulus Es = <n/ei and the tangent modulus Et =
d(Ti/dei. Throughout the present analysis, the functional
relation between effective strain and effective stress is ap-
proximated by the Ramberg-Osgood19 stress-strain relation.

The foregoing assumptions are used, along with the usual
assumptions of classical plate theory,20 to develop the perti-
nent moment-curvature relations for a slightly out-of-plane
deformed configuration. The resulting relations explicitly
contain the effect of plastic yielding prior to buckling.

The moment-curvature relations from Ref. 8 are

Mx

Mtf

2MXV

= -B'

C2"
2

C4

2 X2

J X3

(8)

where

Xi = X3 =



1952 A. PIFKO AND G. ISAKSON AIAA JOURNAL

Rf7

K4I

K8,

K7

43^4

K|o,|K|0f2;K;0JK|04T

,hK,

.**

.fW KgjKsJ

'\
K,,

K2 I

K|3,i[K|3^ K|3;jH<|3<,

'14.4^0,

**;

r
b

\L

K4

K.,.2

K4

-K.,.4

-K4

-K7I

bwYII

obwXY ,

bwYI2

bwY2 l

|abwXY2l

owx

bwy

|abwXY22

Fig. 2a Arrangement of the stiffness matrices (pattern
used with component parts multiplied by Ci, Cs, Ca? C3,

K,,

K2I

*3.

K4,

KSI

K6.

K7I

KeT
K91

KIO^I

Vi
K.V
KI3,I

K,4.,

K,5>,
K,6,,

K22

KM
K42

K52

K62

KTZ

K~

K92

1̂0.2

Kll.2

K.2.2

K.3.2

K.4.2

KI5.2

^6.2

K33

K43

K53

K63

K?7

K83

K93

K.0,3

K,,.3

K.2,3

K.3.3

K.4.3

K15<5

«**

K44

K54

K64

K7"4

K84

K94

K.o.4

K.,.4

KI2,4

K<34

K.M

K.5.4

V

-K,,

K2I

-K3.

K47

KI3J

KM,,

5̂.,

K.6.,

:Kii

K,o.

-KH
K.^.

-K22

KM"
-K42

KIV

•*w
K.5.2

-KIM
K9.2

^02

K.,.2

•̂ 2.2

>

^33

K43 -K44

•̂ »J3

KM<3

^
K.6,3

Ks.3

K«.3

K.34

^

*S5.4

V*

K9%4

•KA,
"K| 1,3! K 11,4

^12,31^124

\
I

-KM
-K21

**i

K4.

^

-KB
KT.

/

21

II

K22

K32

" i
b

12 i r

"^33

^ l-k-
^•42 !"^43

*52!K53

"*62JK 63

K72

K 8, K 82

*„
*.

-Kj

Ks^KTll
K IK K 1^64; ^21^22

"^74f^3l K32lK33

"^84] K4l|K42J"K43[K44

awx,,
bwYI I

abwXYI

bwY 2 l

|abwXY21

W22

O WX22

bwY22

|abwXY2S

Fig. 2b Arrangement of the stiffness matrices (pattern
used with component parts multiplied by C^ C*, rxy).

are the curvature and twist in terms of the transverse de-
flection,

defines the bending and twisting moments, h is the plate
thickness, and D' = Eshs/$;

E' Et\
W.)

In order to formulate the plastic buckling problem for a
finite-element analysis, it is necessary to develop the strain
energy functional based on the moment-curvature relation of
Eq. (8). Towards this end, we employ the following expres-

sion for the strain energy of bending in terms of moments and
curvatures:

= -± f2 JA [MxXi (10)

Substituting the moment-curvature relation Eq. (8) into
Eq. (10), we obtain the functional

UB = '
(11)

When the contribution from the membrane stress field (Ref.
20, p. 387) is added to Eq. (11), we obtain the complete
energy functional shown in matrix form as

Xi

17 = -

fJA-2 A dw

XL

X2

J \X3/

dxdy (12)

where o-x°, a-y°, r*/ are the membrane stresses prior to buck-
ling. This expression is identical in form with the expression
for the strain energy of an aniso tropic plate. 21t The
plate, therefore, deforms as if it were aniso tropic, the aniso t-
ropy being due to plastic deformation and, consequently, is
a function of the state of stress in the prebuckling configura-
tion. All available plastic buckling theories exhibit this
behavior, so that in each of them an energy functional similar
to Eq. (11) can be developed, differing from Eq. (11) only in
the definition of the quantities 'C\ through C5.

Development of the Element Stiffness Matrices

The techniques used in the development of the element
stiffness matrices, and the application of these matrices in a
finite-element elastic analysis, have been discussed previously
by a number of authors. The derivation of the initial-stress
stiffness matrix in the present work follows specifically from
the analysis presented in Ref. 4. That is, the energy func-
tional associated with the deformation of a finite element is
written in terms of the nodal generalized displacements.
The element stiffness matrices are then derived from Castigli-
ano's first theorem, where

5y . (13)

where ki}- is an element in the stiffness matrix, 5t-,5y are general-
ized nodal displacements, and U is the energy functional
associated with the element deformation. Once developed,
the element stiffness matrices can be formed into the over-all
stiffness matrix of the complete idealized structure by apply-
ing compatibility and equilibrium conditions at each node.

For the case of plastic buckling, Eq. (13) is used in con-
junction with Eq. (12), the first integral yielding the bending
stiffness matrix with the inclusion of the effect of plasticity,
whereas the second integral yields the initial stress stiffness
matrix.

Attention is restricted in the present treatment of plastic
buckling to flat rectangular panels idealized by a network of

J Equation (12) is in the form of the energy functional for an
anisotropic elastic plate when the following substitutions are
made: D'd = Dn'} D'C2 = -4A6; D'Cz = A2; D'C3 =
2D66; D'C4 = -4£>26; D'C5 = D22, where Dij describes the
material properties of the plate as defined in Ref. 21.
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Fig. 3a First four columns of the component parts of the initial stress stiffness matrix.
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Fig. 3b First four columns of the bending stiffness matrix (component parts multiplied by Cs, £2,

V

156
78
22
11

-156
78
-22
11
54
27
-13
-13/2
-54
27
13
-13/2

78
52
11
22/3
-78
26

-11
11/3
27
18
-13/2
-13/3
-27
9
13/2
-13/6

22
11
4
2

-22
11
-4
2
13
13/2
-3
-3/2
-13
13/2
3
-3/2

11
22/3
2
4/3

-11
11/3
-2
2/3
13/2
13/3
-3/2
-1
-13/2
13/6
3/2
-1/2

156
22
78
11
54
-13
27
-13/2
-156
-22
78
11
-54
13

j ,;?
|_ -13/2

22
4
11
2
13
-3
13/2
-3/2

-22
-4
11
2

-13
3
13/2
-3/2

78
11
52
22/3
27
-13/2
18
-13/3
-78
-11
26
11/3

-27
13/2
9

-13/3

11
2
22/3
4/3
13/2
-3/2
13/3
-1

-11
-2
11/3
2/3

-13/2
3/2
13/6

-1/2

36
3
3

.25
-36
3
-3
.25
-36
-3
3

.25
36
-3
-3
.25

3
4

.25
1/3

-3
-1

-.25
-1/12
-3
-4
.25
1/3
3
1

-.25
-1/12

3
.25
4

1/3
-3
.25
-4
1/3

-3
-.25

-1
-1/12
3

-.25
1
-1/12

.25
1/3
1/3
4/9

-.25
-1/12
-1/3
-1/9

-.25

-1/3
-1/12
-1/9
.25
1/12
1/12
1/3S

Fig. 3c First four columns of the bending stiffness matrix (component parts multiplied by Ci, C5?

flat rectangular finite elements. The determination of the
stiffness matrix for the individual elements is based on the
use of a displacement function in the form of Hermitian
polynomials, as proposed by Bogner, Fox, and Schmit.22

This displacement function provides for compatibility of ro-

tations and deflections between elements along their inter-
faces. It yields an element stiffness matrix of order 16 X 16.
The results presented in Ref. 22 for elastic plate bending
using this formulation indicate rapid monotonic convergence
to the correct solution when the idealization is successively
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Fig. 4 Plasticity reduction factor for a clamped square
plate with a uniform compressive load on two opposite

edges.

refined. A series of calculations were performed in Ref. 23
for the purpose of evaluating the element stiffness matrix of
Bogner, Fox, and Schmit for elastic buckling calculations.
These results indicate rapid convergence to exact solutions
when the idealization is successively refined.

Introduction of the assumed displacement function of Ref.
22 into Eqs. (12) and (13) yields the appropriate element
stiffness matrices. These matrices can be written as

C4 35

LisW1*- \K[K MV

300 *.,]
(14)

(15)

where [Kci], etc. and [KMx\, etc. are numerical matrices
which are independent of the coefficients Cj-Cs and the mem-
brane stresses. Only the elements in the first four columns

Table 1 Plastic buckling of a simply supported square
plate with various normal edge loadings; a = 20 in.,

6 = 20 in., E = 107 psi, v = i, <r0.7 = 106 psi, n = 10

Thickness
h, in.

0.77867
0.85800
0.96449
1.12019
1.36678
1.76752
2 . 39053

1 . 12500
1.29980
1.60231
2.08258
2.77755
3.78569
5.26002

0.94979
1.03884
1 . 15727
1 . 33364
1 . 58816
1.93707
2.42382

<r* finite-element
exact analysis

-65,000
-75,000
-85,000
-95,000

-105,000
-115,000
-125,000

a = i.o, 0 = 1.0, 7 = 0
-65,000
-75,000
-85,000
-95,000

-105,000
-115,000
-125,000

a = 1.0, 0 = 0.5, 7 = 0
-65,000
-75,000
-85,000
-95,000

-105,000
-115,000
-125,000

-65,002
-75,003
-85,003
-95,002

-105,002
-115,000
-125,002

-65,018
-75,014
-85,009
-95,008

-105,007
-115,007
-125,007

-65,020
-75,016
-85,015
-95,010

-105,008
-115,007
-125,007

of these latter matrices need be computed, since values for
these elements reappear in the remaining columns according
to the pattern shown in Figs. 2a and 2b. Numerical values
for the first four columns of these matrices are given in Figs.
3a, 3b, and 3c.

Discussion of Results

In order to evaluate the method of analysis developed, a
number of calculations have been performed on the buckling
of flat rectangular plates with various boundary and loading
conditions. Results of a series of plastic buckling calcula-
tions for simply supported plates with various uniform edge
loadings are presented and compared with exact results.
Results are then shown for plastic buckling in cases for which
exact solutions are lacking. These are: 1) a clamped square
plate with a uniform load on two opposite edges, 2) a simply
supported square plate with a triangular load distribution on
two opposite edges, and 3) a simply supported plate with a
uniform edge shear load.

In all of the plastic buckling calculations, the secant and
tangent moduli were found using the Ramberg-Osgood stress-
strain representation,

(16)

(17)

(n-l)

where n is a shape parameter given by

n = 1 + log(V-)/log(<W 00.85)

and 6i is effective strain, E is the slope of the linear portion
of the stress-strain curve, and 00.7 and GO.35 are the stresses
at which the curve has secant moduli of 0.7E and 0.8.51?,
respectively. The tangent and secant moduli expressed as
ratios of the elastic modulus are then given, respectively, by

Et
E

I
(3w/7)(<r</oo.7)n-l (18)

Table 2 Plastic buckling of a simply supported
rectangular plate with various normal edge loadings;

a = 30 in., b = 20 in., E = 107 psi, v = i, <70.7 =
105 psi, n = 10

Thickness
hj in.

0.75088
0.83518
0.95429
1.12710
1.39064
1.80884
2.45321

0.95460
1 . 10292
1 . 35960
1.76713
2.35683
3.21226
4.46327

0.84370
0.92558
1.03918
1.21632
1.48109
1 . 84729
2.35015

exact

a = ' 1, j3 = 0, 7 = 0

-65,000
-75,000
-85,000
-95,000

-105,000
-115,000
-125,000

a = 1.0, 0 = 1.0, 7 = 0
-65,000
-75,000
-85,000
-95,000

-105,000
-115,000
-125,000

a = i.o, 0 = 0.5, 7 = 0
-65,000
-75,000
-85,000
-95,000

-105,000
-115,000
-125,000

0-*,
finite-element

analysis

-65,005
-75,004
-85,004
-95,002

-105,001
-115,001
-125,001

-65,025
-75,016
-85,011
-95,010

-105,009
-115,009
-125,009

-65,022
-75,018
-85,015
-95,009

-105,008
-115,007
-125,007
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Table 3 Plastic buckling of a clamped square plate
with a uniform load on two opposite edges; a = 20

in., 6 = 20 in., v = i, E = 107 psi, <r0.7 = 105 psi,
n = 10, a = 1, ft = 0, T = 0

Thickness
h, in.

0.5
0.6
0.7
0.8

Es

E :

Critical
stress, psi

-66,414
-81,712
-91,234
-97,549

!
1 _|_ (f)((rt-/cro

Elastic critical
stress, psi

-69,018
-99,385

-135,277
-176,687

na\
\n-l ^iy^

Values of o-0.7 = 105 psi and n = 10 were used in all the calcula-
tions. Since the Ramberg-Osgood relation does not identify
a distinct yield point, all the calculations contain some effect
of plasticity.

In order to determine the accuracy of the finite-element
analysis when applied to the plastic buckling problem, a
series of computations were performed and the results com-
pared with corresponding exact solutions to the governing
equations presented by Stowell in Ref. 8. The cases selected
for comparison have simply supported edge conditions and
uniformly distributed loads normal to the boundary. The
procedure followed in these cases was to calculate a value of
plate thickness, from StowelFs governing differential equa-
tion, corresponding to plastic buckling at a given membrane
stress in the plastic range. Using this thickness, a value for
the critical stress was then found by means of the finite-
element procedure and compared with the initially assumed
value.

Using this procedure, critical stresses were found for simply
supported plates with length to width ratio a/b = 1 and
a/b =1.5 for three different loading situations: 1) ax =
— a*} (Ty = 0; 2) ax = ay = — o>; and 3) ax = 2ay =
— a*. The idealization used in these calculations consisted
of square elements in a 4 X 4 grid when a/b = 1, and a 6 X 4
grid when a/b = 1.5. Symmetry was taken into account, so
that it was necessary to consider only one-quarter of the
plate.

Calculations were carried out for all three loading situa-
tions for a range of nominal stress (a*) of 65,000 to 125,000
psi. The results are shown in Tables 1 and 2. These re-
sults encompass a widely varying degree of plastic deforma-
tion at the critical stress. The tables show the thickness,
the corresponding exact value of the nominal stress, and the
stress computed from the finite-element analysis. The vari-

Tabte 4 Plastic buckling of a simply supported
square plate with a triangular edge load; a = b =
20 in., v = 0.5, E = 107 psi, a0.7 = 105 psi, n = 10

a) Plastic buckling stress distribution in the y direction
Thickness h, in.

v/b
0 to 0.125

0.125 to 0.25
0.25 to 0.375
0.375 to 0.50
0.50 to 0.625
0.625 to 0.75
0.75 to 0.875
0.875 to 1.0

0.5

-50,140
-43,496
-36,770
-30,084
-23,398
-16,714
-10,028
-3,342

0.6

-71,856
-62,275
-52,695
-43,113
-33,531
-23,952
-14,372
-4,790

0.7

-93,895
-81,377
-68,857
- 56 , 338
-43,819
-31,299
-18,778
-62,600

0.8

-110,553
-95,813
-81,070
-66,331
-51,591
-36,851
-22,110
-7,370

1.0

-130,077
-112,734
-95,390
-78,046
-60,702
-43,359
-26,015
-8,671

b) Normalized plastic buckling stress at y = 0
Thickness

h, in.
Critical

stress, psi
Elastic critical

stress, psi

0.5
0.6
0.7
0.8
1.0

-53,483
-76,646

-100,155
-117,923
-138,749

-54,166
-78,000

-106,166
-138,667
-216,667

Fig. 5 Idealization for
simply supported square «
plate with a triangular »•

compressive edge load. 11

ous loading situations are identified by the parameters

(T*

°tf T Txy— —' and 7 = — —-
(7* (T*

The results for the square plate (shown in Table 1) are
based on a buckling mode shape consisting of a half-sine
wave in each direction, and indicate agreement which is vir-
tually exact. The maximum error was found to be +0.031%.

The results for the rectangular plate (shown in Table 2)
are based on a buckling mode shape consisting of a full sine
wave in the direction of the longer side and a half-sine wave
in the direction of the shorter side. Agreement is again
seen to be excellent, the maximum error in this case being
+0.039%.

We now consider the case of a clamped square plate loaded
uniformly on two opposite edges. Once more, taking into
account the double symmetry of the buckling configuration,
it is necessary to consider only one-quarter of the plate. The
idealization that was used consisted of a 12 X 12 grid, and the
error in the elastic case, using this idealization, was +0.058%.
The plate considered has the dimensions a = b = 20 in.

Calculations were made for various thicknesses, ranging
from h = 0.5 in. to h = 0.8 in. This thickness range corre-
sponds to a range of buckling stress from a value close to the
elastic limit up to a value well into the plastic range. Table
3 shows both plastic and elastic buckling stresses corre-
sponding to the various thicknesses. As the state of stress
penetrates further into the plastic range, the material stiffness
decreases, so that the plastic buckling stress decreases rela-
tive to the corresponding elastic buckling stress. For h =
0.8 in., the maximum thickness considered, this decrease
amounts to 44.8%. This can be seen graphically in Fig. 4,
which shows the plasticity reduction factor 77, defined as the
ratio of the plastic buckling stress to the elastic buckling
stress, o-p/(7ej plotted vs the plastic buckling stress.

The next case to be considered is that of a simply sup-
ported square plate with a triangular distribution of load on
two opposite edges. It was selected to demonstrate the ap-
plicability of the method to nonconstant stress field situa-
tions. As mentioned previously, the Stowell formulation
of the plastic buckling problem involves the assumption of a
uniform stress state throughout the plate. This does not
preclude the use of this formulation in a finite-element
analysis of a plate that is not uniformly stressed. The stress
can still be considered to be uniform within each element,

6 8
o\,x IO"4

Fig. 6 Plasticity reduction factor for a simply supported
square plate with a triangular compressive load on two

opposite edges.
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Fig. 7 Plasticity reduction
factor for a simply supported
square plate with a uniform

edge shear load.

Table 5 Plastic buckling of a simply supported
square plate due to a uniform shear load; a = 20
in., b = 20 in., v = 0.5, E = 107 psi, <r0.7 = 105 psi,

n = 10

Thickness
h, in.

0.4
0.5
0.6
0 7

Critical
stress, psi

-39,414
-50,313
-56,604
-60,792

Elastic critical
stress, psi

-40,969
-64,015
-92,182

-125,470

but can vary from element to element. The stress distribu-
tion is thus approximated in the form of finite jumps over
the planform of the plate. The state of plasticity, consistent
with the Stowell formulation, is therefore constant within
each finite element. By taking advantage of the single
symmetry of the buckling mode, only one-half of the plate
need be considered. The idealization of the half-plate con-
sists of 32 square elements, as shown in Fig. 5. The idealized
stress distribution is also shown in Fig. 5.

To check the accuracy obtainable with such an idealiza-
tion, an elastic case for a simply supported square plate,
a = b = 20 in., was analyzed. The exact solution (taken
from Ref. 24) can be written as

where o~* is the stress intensity at y = 0, and k is the elastic
buckling coefficient. For the case considered, Ref. 24 gives
a value of 7.8 for &. The finite-element analysis yielded the
value k = 7.8068, which represents an error of only +0.087%.

Plastic buckling calculations were carried out using the
same idealization for thicknesses ranging from h = 0.5 in.
to h = 1 in. The results, in the form of the idealized critical
stress distribution in the y direction, are presented in Table
4a. Each case represents a different degree of plastic de-
formation. The case h = 0.5 in. can be considered to be fully
elastic. As a consequence of not defining a definite yield
point, however, there is still a small reduction of the buckling
stress due to the inclusion of a small plasticity effect. A
noticeable departure from linearity in the stress-strain rela-
tion occurs at about 70,000 psi. Therefore, on the basis of
this value as the yield stress, we can trace an elastic-plastic
boundary in the idealized structure. This boundary is indi-
cated by a dashed line in Table 4a. As the thickness in-
creases, the number of elements stressed beyond the yield
point at the critical load also increases. When h = 1 in.,
half the plate is in the plastic range when the critical stress
is reached.

In Table 4b, the normalized buckling stress (the maxi-
mum value in the triangular distribution) is shown for the
various thicknesses, and compared with the corresponding-
elastic results. A plot of the plasticity reduction factor ??
vs the plastic buckling stress is shown in Fig. 6.

The effectiveness of the assumed element displacement
function when applied to the buckling analysis of a plate
loaded in pure shear is considered next. The case of a
simply supported square plate with an idealization consisting
of a 6 X 6 grid of square elements was studied. Calcula-
tions to determine the elastic buckling coefficient, using this
idealization, yielded the value, k = 9.3458, as compared to a
value of 9.34 given by a series solution.24

The results of plastic buckling calculations are shown in
Table 5. As before, the plastic buckling stress is compared
with corresponding elastic buckling results for a range of
thicknesses. The plasticity reduction factor 77 is shown vs
the plastic buckling stress in Fig. 7.

Concluding Remarks
A finite-element method has been developed for the buck-

ing analysis of flat rectangular plates stressed into the

plastic range. Both simply supported and clamped edge
conditions and arbitrary edge loadings can be taken into
account. Computed results indicate that good accuracy
may be obtained with a relatively coarse network of elements.
The method can be readily applied to cases that would be
difficult to analyze on a continuum basis.
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Static and Dynamic Applications of a High-Precision
Triangular Plate Bending Element

G. R. COWPER,* E. KosKO,f G. M. LINDBERG,* AND M. D.
National Aeronautical Establishment, National Research Council of Canada, Ottawa, Canada

A fully conforming plate bending element of arbitrary triangular shape is developed and
applied to the solution of several static and dynamic plate problems. The element incorpo-
rates 18 generalized coordinates, namely the transverse displacement and its first and second
derivatives at each vertex. Example applications presented include static and dynamic
analyses of a square plate with edges either simply supported or clamped, statics of an equi-
lateral triangular simply supported plate, and vibrations of cantilevered triangular plates.
Rates of convergence of the finite element approximations are investigated both theoretically
and numerically. Excellent accuracy is achieved in all cases, and the rates of error conver-
gence agree closely \vith predicted asymptotic values.

Nomenclature

{^4. } = column vector of coefficients a», Eq. (7)
a,b,c = element dimensions, Fig. 1
ai = coefficients of quintic polynomial, Eq. (2)
D = plate flexural rigidity = Et*/12(l - v

2)
E = Young's modulus
F(m,n) = modified Euler's beta function, Eq. (14)
[K],[k] = stiffness matrices, Eqs. (12) and (18)
L = length of side of square or triangular plate
[M],[?w] = consistent mass matrices, Eqs. (19) and (20)
nti,ni = exponents of £, 77 in iih term of polynomial, Eq.

(2)
N = number of elements per side of plate
{P},{p} = consistent load vectors, Eqs. (22) and (23)
[R],[T], = transformation matrices, Sec. 2
[Ti],lTt]
t = thickness of plate
{TF},{TFi} = column vectors of generalized displacements,

Eqs. (5) and (16)
w = transverse displacement of plate
wx,wxy,. . .

= global and local coordinates, respectively, Fig. 1
0 = angle between global and local coordinates, Fig. 1
X = eigenvalue = ptuzL*/D
v — Poisson's ratio
p = mass density of plate material
W = circular frequency of plate vibration

1.0 Introduction

THE finite element method has proved to be an extremely
powerful tool for the analysis of discrete and continuous

structures. A good introduction to the subject, which is
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undergoing rapid and continuing development, can be found
in the books by Zienkiewicz1 and Przemieniecki.2

A particularly useful area for the application of finite ele-
ments is the static and dynamic analysis of plate bending.
Although many finite elements for plate bending have been
developed in recent years, only elements of rectangular shape
have so far met the requirements of high accuracy and good
convergence. The most satisfactory of these is the sixteen
degree-of-freedom rectangular element developed by Bogner,
Fox, and Schmit,3 Butlin and Leckie,4 and later by Mason.5
Rectangular elements are, however, unsuitable for a great
variety of boundary shapes and there is a need for a general
triangular element having adequate accuracy and convergence
properties.

It is essential for convergence that a finite element be ca-
pable of representing a state of uniform strain; in the case of
plate bending, this is a state of uniform curvature or uniform
twist. Rigid body displacements, which are states of zero
strain, should be included among the states of uniform strain.
A further desirable property of a plate bending element is
conformity. Conformity in this context means that slopes are
continuous between elements, as well as transverse displace-
ments. Several convergence proofs are now available for
conforming elements, and such elements have the useful
property of furnishing lower bounds on the actual strain
energy of a plate. Under certain conditions this property can
imply monotonic convergence of the strain energy.

Conforming triangular elements for plate bending have been
developed by Bazeley et al.6, and by Clough and Tocher,7 but
these allow only a linear variation of slope normal to an edge
and give rather poor results. Suggested improvements to
these elements require the introduction of additional nodes on
the edges, but this has the inconvenience of making the pro-
graming more complicated.

In this paper, the authors present a general triangular ele-
ment for plate bending that possesses the aforementioned
desirable properties. It makes use of six deflection param-


